ON A COMPARISON OF CASSELS PAIRINGS OF DIFFERENT
ELLIPTIC CURVES

SHENXING ZHANG

ABSTRACT. Let eg,ea, e3 be nonzero integers satisfying e; + e2 + e3 = 0. Let
(a,b, c) be a primitive triple of odd integers satisfying e1a? + e2b? + ezc? = 0.
Denote by E : y? = x(z—e1)(z+e2) and £ : y? = z(z—e1a?)(z+e2b?). Assume
that the 2-Selmer groups of E and £ are minimal. Let n be a positive square-
free odd integer, where the prime factors of n are nonzero quadratic residues
modulo each odd prime factor of ejesezabec. Then under certain conditions,
the 2-Selmer group and the Cassels pairing of the quadratic twist E(™) coincide
with those of £(™). As a corollary, E(™ has Mordell-Weil rank zero without
order 4 element in its Shafarevich-Tate group, if and only if these hold for
(") We also give some applications for the congruent number elliptic curve.

1. INTRODUCTION

The quadratic twists family of a given elliptic curve are studied in many arti-
cles. What we want to study is when two different families have similar arithmetic

properties. In | ], given abelian varieties A; and Ay over K whose ranks agree
over each finite extension of K, Zarhin asks if A; is necessarily isogenous to As.
In | ], Mazur and Rubin consider the Selmer groups instead of ranks. They

give a sufficient condition on when the Selmer ranks of elliptic curves F; and F,
agree over at most quadratic extension of K. In particular, there are non-isogenous
p*-Selmer companions. It is also known that if the ¢-Selmer ranks of Fy and Fs
agree over each finite extension of K for all but finitely many primes ¢, then E;
and Ey are K-isogenous, see | |. For related results, see also | ,

In this paper, we will study when the ranks of elliptic curves with full 2- t0r510n
agree over a set of quadratic fields. More precisely, let

E= é‘}61762 : y2 = I($ - 61)(I+62)

be an elliptic curve defined over Q with full 2-torsion, where eq,e3,e3 = —e1 — €9
are non-zero integers. Let E(") = &eyn,eon DE a quadratic twist of I/, where n is an
odd positive square-free integer. Let (a,b,c) be a primitive triple of odd integers
satisfying

61&2 —+ €2b2 —+ 6302 = 0
Denote by € = &, 42 ¢,p2 and EM = Seyna?,eanp? its quadratic twist.

Since we want to compare E(™ for different triples (eq, ez, e3), we will assume

that

ged(eq, ea,e3) =1 or 2
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for simplicity. By a translation of x, one can show that £ = &, ., = &, ,. This
gives a symmetry on (e, eq,ez). Without loss of generality, we may assume that
va(es) is maximal among va(e;), where vs is the normalized 2-adic valuation. Then
va(e1) = va(ez) < vales). We will write 2U2(®) || 2.

Denote by Sely(E/Q) the 2-Selmer group of E. Then we have an exact sequence

0 — E(Q)/2E(Q) — Sel(E/Q) — HI(E/Q)[2] — 0.

If E has no rational point of order 4, then E(Q)[2%°] = (Z/27Z)? since it has full
2-torsion. Therefore, Sely(E/Q) contains E(Q)[2] = (Z/27)%.

The following theorems generalize the observations in [ ], which give a re-
lation between E(™ and £,

Theorem 1.1. Let n be an odd positive square-free integer coprime with ejesezabe,
whose prime factors are quadratic residues modulo each odd prime factor of e;esesabe.
Assume that

e e1,eo are odd and 2 || e3.
If Sely(E/Q) 22 Sely (£/Q) =2 (Z/27)?, then the following are equivalent:
(1) rankz E((Q) = 0 and III(E™ /Q) = (Z/2Z)*;
(2) rankz E™(Q) = 0 and H1(£™/Q) = (Z/2Z)*.

When ged(eq, es,e3) = 2, B = gp(f/"; ¢p/2 18 an even quadratic twist of an

elliptic curve in Theorem 1.1. In this case, an additional condition is required.

Theorem 1.2. Let n be an odd positive square-free integer coprime with ejesezabe,
whose prime factors are quadratic residues modulo each odd prime factor of e;esesabe.
Assume that
° 2 || 61,2 || 62,4 | €3y
e both E and E™ have no rational point of order 4;
o ifes >0 and ez < 0, then every prime factor of n is congruent to 1 modulo
4, or every odd prime factor of esesbc is congruent to 1 modulo 4;
e ifes >0 and ey <0, then every prime factor of n is congruent to 1 modulo
4, or every odd prime factor of e1eszac is congruent to 1 modulo 4;

e ife; >0 and ex < 0, then every prime factor of n is congruent to 1 modulo
4

If Sela(E/Q) =2 Sel2(£/Q) =2 (Z/2Z)?, then the following are equivalent:
(1) rankz E™(Q) = 0 and H_I(E(”)/Q) ~ (Z/27)%;
(2) rankz E™(Q) = 0 and HI(£™/Q) = (Z/2Z)*.
For general triples (eq, e, e3), we require that the prime factors of n are congruent
to 1 modulo 8.

Theorem 1.3. Let n be an odd positive square-free integer coprime with ejesesabe,
whose prime factors are quadratic residues modulo each odd prime factor of e;eseszabce.
Assume that

e both E and E™ have no rational point of order 4;
o cvery prime factor of n is congruent to 1 modulo 8.
If Sela(E/Q) =2 Sel2(£/Q) =2 (Z/2Z)?, then the following are equivalent:
(1) rankz E™(Q) = 0 and H_I(E(")/Q) ~ (Z/27)%;
(2) rankz EM(Q) = 0 and HI(£™/Q) = (Z/2Z)*.
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In each case, we will study the local solvability of homogeneous spaces and show
the identical structure of 2-Selmer groups. Then we will use Lemmas 2.7 and 2.8 to
show the identical structure of Cassels pairings. The main difference between these
theorems is the local solvability and the Cassels pairing at the place 2. We will also
give applications for the congruent number elliptic curve, see Theorems 5.2 and 5.3.

The symbols we will use are listed here.

e v, the normalized p-adic valuation.

e gcd(myq,...,m;) the greatest common divisor of integers my, ..., m;.
e (a, ), € {1} the Hilbert symbol, a, 5 € Q.

e [, 3], € Fy the additive Hilbert symbol, i.e., (a, 8), = (—1) Al

5) = leﬁ(a,ﬂ)p € {£1} the Jacobi symbol, where « is coprime with

. %] = Zpl 5[04, B], € Fy the additive Jacobi symbol, where « is coprime

m* = (=1, m)2m = 1 mod 4 for nonzero odd integer m.

A = (dy,da,ds) a triple of square-free integers, where dydads is a square.
Dj the homogeneous space associated to F and A, see (2.1).

Sely (&) the pure 2-Selmer group of &, see (2.2). We will simply write
A € Sel, (&) the class of A € Sely(&/Q) for convention.
0=(0,...,00Tand 1 = (1,...,)T.

e I the identity matrix and O the zero matrix.

e A = A, a matrix associated to n, see (2.5).

e D, = diag{ [pll] ey [pik} }, see (2.6).

2. THE GENERAL CASE

2.1. Classical 2-descent. Asshown in | ], the 2-Selmer group Sely(E/Q) can
be identified with

{A=(d,ds.d3) € (Q*/Q*%)" : Da(Ag) # 0, drdads = 1 mod Q*2},
where Dy is a genus one curve defined by
H1 : 61t2 + ng% — d3u§ = 0,
(21) Hs : 62t2 + dgug - dlu% =0,
Hs : e3t2 + dlu% - dg’u% =0.
Under this identification, the points O, (e1, 0), (—e2,0), (0, 0) and other point (z,y) €
E(Q) correspond to
(1,1,1), (—e3, —eies,e1), (—ezes,e3,—e2), (€2, —e1, —e1e2)
and (z + eg, x — e1,x) respectively.
Denote by
Sel (E£/Q)
E(Q)tors/2E(Q)tors
the pure 2-Selmer group of F defined over Q.

(2.2) Sely(E) :=

Lemma 2.1 (] D). E(Q) has a point of order 4 if and only if one of the three
pairs (—ey,es), (—ea, e3) and (—es,e1) consists of squares of integers.
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If E has no rational point of order 4, then Sela(E/Q) contains E(Q)[2*°] =
E(Q)[2] = (Z/2Z)? and therefore Sely(E) = Sela(E/Q)/E(Q)[2]. Cassels in [ ]
defined a skew-symmetric bilinear pairing (—, —) on the Fa-vector space Sely(E).
We will write it additively. For any A € Sely(E), choose P = (P,), € Da(Ag).
Since H; is locally solvable everywhere, there exists Q; € H;(Q) by Hasse-Minkowski
principle. Let L; be a linear form in three variables such that L; = 0 defines the
tangent plane of H; at @Q;. For any A’ = (d},d}, d}) € Sela(E), define

3
(MAYE =) (AAN)p, €Fy, where (AA)p, =Y [Li(P,).d],.

v i=1
This pairing is independent of the choice of P and Q;, and is trivial on E(Q)[2].
We will omit the subscript F if there is no confusion.
Lemma 2.2 (| , Lemma 7.2]). The local Cassels pairing (A, A)g,p, =0 if
e p {200,
e the coefficients of H; and L; are all integral at p, and

o Dy and L;, taken modulo p, define a curve of genus 1 over IF,, together with
tangents to it.

Lemma 2.3 (| , p- 2157]). If E has no rational point of order 4, then the
following are equivalent:

(1) rankz E(Q) = 0 and II(E/Q)[2%°] = (Z/27)*;

(2) Sely(E) has dimension 2t and the Cassels pairing on it is non-degenerate.
2.2. Homogeneous spaces. Let’s consider the quadratic twist £(™). The homo-
geneous space D/(\n) associated to A = (dy,da, d3) is

Hy: ent®+ dgu% — d3u§ =0,
Hy: eant® + dgu?,) — dluf =0,
H3 : egnt2 + dlu% - dgu% =0.
By classical descent theory, if p { 2e1ese3n, then Dl(xn) (Qp) is non-empty if and only

if p 1 didads, see | , Theorem X.1.1, Corollary X.4.4]. Hence we may assume
that dy, ds, d3 are square-free divisors of 2ejesezn from now on.

Lemma 2.4. Let A = (dy,ds,d3). Then D/(\") (R) # 0 if and only if
e dy >0, if62>0,63<0,'
e dy >0, ifes3 >0,e; <0y
e d3 >0, ife; >0,e3 <O0.

Proof. The proof is similar to [ , Lemma 3.1(4)], which is easy to get. O

Lemma 2.5. Let A = (dy,ds, d3) with all square-free d;. Let n be a positive square-

free integer coprime with e eses and p an odd prime factor of n. Then DY (Q,) # 0
if and only if

4= ()= ()1 s

s () = () = (55 =1 dptdipldpl

o () = (mpt) = (252) =L ol duptdap |y

y (W;/dl) = (_elg/dz) B (_elﬁzdS) =1, ifpldi,p|dz,ptds.
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Proof. Assume that p f dy,p { da,p t ds. If DU(Q,) # 0, then cach H;(Q,) # 0
and (d"’p%) = (%) = (dlpﬂ) = 1. That’s to say, (%) = <%) = (%) =
1. Conversely, if (‘;—1) = (%2) = (%) = 1, then (0,+/1/d1,\/1/ds,\/1/d3) €
DY (Qy).

Assume that p{dy,p | d2,p | d3. Then DX’) (Q,) # 0 if and only if Dgff) (Qp) # 0,
where

N = A - (—ege3,e3n, —ean) = (—egesdy, e3n/da, —ean/ds).
Hence this case can be reduced to the case p t didads. The rest cases can be
obtained by symmetry. |

Let n = py---pr be a prime decomposition of n. For A = (dy,ds,ds) with
square-free d; | 2ejese3n, denote by

(2.3) x; =vp,(d1), yi =vp,(d2), zi=vp,(d3).
Then x +y + z = 0, where

x=(z1,..,2)Y, y=@...,u)", z=(21,...,2)" € Fk.
Write

dy = pit - pft - dy,
(24) dy = p* -+ pj* - dy,

dz = pi' - ppF - ds.
Then glvlélvgczv) € Q*2.

Denote by
(2.5) A=A, = ([p —n]pi)i’j € My(Fg)
and
(2.6) D, = diag{ Lﬂ e Lﬂ} € My (Fs).

Theorem 2.6. Let n be an odd positive square-free integer coprime with ejeses,
whose prime factors are quadratic residues modulo each odd prime factor of ejeses.
Assume that

e both E and E™ have no rational point of order 4;
e cvery prime factor of n is congruent to 1 modulo 8.

If Selo(E/Q) = (Z/27,)?, then the map (dy,ds, d3) — <;> induces an isomorphism

Sel,, (E(”)) — Ker (A A) ,
where 0 < d; | n.

Proof. Let A = (dy,ds,ds) with square-free d; | 2ejesesn and denote by A =
(d1,d2,ds). Then DY (R) # 0 if and only if D{”(R) # () by Lemma 2.4 and the

fact sgn(d;) = sgn(d;).
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If ¢ is a prime factor of 2ejeses3, then n d/glv € Q“. Therefore,

(t,u1,uz,u3) € D/(\n)(Qq) — (t\/ﬁ Ul\/Z \/CTQ \/7> € Dy ¢ (Qg)-
do ds

Hence A € Sel, (E(”)/Q) if and only if Ae Selo(E/Q) and D is locally solvable
at each p | n. B
If A € Sely (E(”)/Q), then A € Sely(E/Q). By our assumptions,

A=(1,1,1), (—e3, —eres,e1), (—eaes, ez, —e2) or (ez, —e1, —erea)

is 2-torsion. If A = (—e3, —e1es, €1), then

k
A - (—egn,—ejes, en) (le Ti Hp le 71).
i=1

The other cases are similar. Hence each element in Sel,, (E (”)) has a unique repre-
sentative (dy,dz,d3) with 0 < d; | n. Based on this, we can express Sely (E(™) in
terms of linear algebra by Lemma 2.5 after a translation of languages:

A+D_ ., D_.,., >

r(pn)y —
SelQ(E )—>Mn, where M, (D_5163 A+D,,

Since (%) =1 for any odd primes p | n,q | e1eses and (%) = (%) =1, we have

(iTe) = 1. Therefore, D4., = O and M,, = diag{A, A} 0

2.3. The Cassels pairing. Let (a,b,c) be a primitive triple of odd integers satis-
fying
e1a? + esb? + e3c? = 0.

Denote by £ = &, 42 ¢,02 and EM) = Eeran,esb?n-
Lemma 2.7. Assume that all prime factors of n are nonzero quadratic residues
modulo each odd prime factor of ejeses. If a =b=c = 1mod 4, then
%(a +b)(b+c)(c+a)=1mod 4
is a quadratic residue modulo each prime factor of n.

Proof. Let a, 8 be coprime integers satisfying

B eila—c)

a  exbtc)’
Then « is odd and S is even. It’s not hard to show that
Xa = eja? + 2eqa3 — 62ﬁ2 = e; mod 4,
b = e1a? — 2e108 — ea32 = e mod 4,
e = eja? + 6262 = e; mod 4,
for some A\ = e; mod 4. Then
AMa +b) = 2(a — B)(era + e2f3),
Ab+¢) =2e1a(a — B),
Ae+a) =2a(era+ eaf3)
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and
1
g(a +0)(b+c)(c+a) = et A(A 2ala — B)(era + 625))2 = 1 mod 4.
Let ¢ be a prime factor of \. Then

q|ged(A(a+b), Aa+c)) =2(era + e2f3).

It g f e1, then q | aa— B). T q | a, then g | e, g | e if ¢ | (@ — B), then
q|ea(a—p)+ (era+exff) = —esza, q | e3. Hence q | ejeqes.
Let p be a prime factor of n. Since e;A = 1 mod 4 and (%) = 1 for any odd

prime ¢ | ejezes, we have

() (- 0"

qler A

Hence (a + b)(b+ ¢)(c + a)/8 is a quadratic residue modulo p. O

Lemma 2.8. We have

1 T Y z >
(aa:+by+cz)(x—|—y+z)—2(a+b)(b+c)(c+a)(b+c+C+a—|— a—i—b)

1 2 .2 L2
= —(e1a+ 62b—|—€38)<x + L4 Z)
2 €1 €2 €3

Proof. The coefficient of 22 on the left-hand side is
(a+b)(atc) alb+c)—bc—a*  ealb+c)—erbc — ea?

2(b+c) 2(b+¢) N 2e1(b+c)
_era(b+c) + (e2 + e3)be + esb? + e3c? _era+exb+esc
N 2e1(b+c) B 2eq

and the coefficient of yz on the left-hand side is zero. The equality then follows by
symmetry. (|

Proof of Theorem 1.3. Since E has no rational point of order 4, none of (—ey, e3),
(—e2,e3), (—es, e1) consists of squares by Lemma 2.1. Therefore, none of (—eja?, eab?),
(—eab?, e3c?), (—ezc?, e1a?) consists of squares and € has no rational point of order
4. Similarly, £ has no rational point of order 4.

By choosing suitable signs, we may assume that a = b = ¢ = 1 mod 4. Since the
matrix in Theorem 2.6 does not depend on a, b, ¢, we have a canonical isomorphism

Sely (E(™) = Sel) (£™).
Let A = (dy,do,d3), N = (di,dy,ds) € Sely(E™) with 0 < d;,d} | n. We will

denote by D, H,Q, L, P the corresponding symbols for £ and D, H,Q,L,P the

corresponding symbols for £ in the calculation of Cassels pairing. Then D/(\") is
defined as

Hyi: era’nt® + dou3 — dsu? = 0,
HQ : engntQ + dg’LL% - dl’U,% = 0,
Hs: esc?nt? + dlu% — dgu% =0.
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Let (c, Bi,;) be primitive triples of integers satisfying
eynai +dyff — dsyi =0,
eanai + dzff; — diys =0,
esnas + di B3 — doyi = 0.
Choose
Q1 = (a1, ap1,am1) € Hi1(Q), L1 = eranant + dafBiuz — dzy1us,
Q2 = (az2,bB2,b72) € H2(Q), L2 = exbnast + dzfous — div2us,
Q3 = (a3, ¢f3,c73) € H3(Q), L3 = ezcnast + difzur — dayzus.
(i) The case v | 2ejesezabe. Since each prime factor of n is a square in Q,, so is
d. Therefore, [L;(Py),d], =0 =[L;(Py),d]s.

(ii) The case v = p | n. Since a = 1 mod 4 and p is a quadratic residue modulo
every odd prime factor ¢ of abc, we have

o= [2] - [2] = S [2] .

Therefore [a, d}], = 0. Similarly, [b,d}], = [c,d}], = 0.
(ii-a) The case p t didads. Take P, = (0,1/y/d1,1/y/d2,1/+/d3) = P,. Then

L1(Py) = f1v/dz — 11\/ds = L1 (P).
Similarly, £2(P,) = La(P,) and L3(P,) = L3(Pp).

(ii-b) The case p{dy,p | do,p | d3. Then ezn/ds, —ean/ds € Q;Q by Lemma 2.5.
Take P, = (1,0, cu, bv) where u? = e3n/ds,v? = —ean/ds. Then P, = (1,0, u,v)
and

L1(Pp) = aernay — bdsyiv + cdafu,
£2(Pp) = begnag + bd362’l) = bLQ(Pp),
£3(Pp) = cegnag — cdoysu = cLg (Pp).

Since

(ernaq)? n (—d3y1v)? n (dofBu)?

2 2 2
= —d +d =0,
e1 e es n(einay 371 2067)

we have

einay | dafru dgmv’?
b+c a+b a+c

L1(Pp)L1(P,) = %(a +b)(a+c)(b+c) (

by Lemma 2.8. Therefore,
[L1(Pp), di]p = [L1(Pp), di]p + [2(a + D) (a + ) (b+ ), di], = [L1(Pp), dy],
[‘62(7)1))7 d/2]p [LQ(Pp)a dé}p + [b, dlz]p = [L2<Pp)7 dlz]p,
[L5(Pp), dilp = [Ls(Pp), ds]p + [c,ds]p = [Ls(Pp), dslp

by Lemma 2.7.

(ii-c) The case p | d1,p 1 da,p | ds, and the case p | d1,p | d2,p 1 d3 can be proved
similarly by the symmetry of e;.
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Now we have

(A A ) e = Yo DlPy),di], =) > [LiPy).di,

v|2eiezegzabenoo i=1 pln i=1

3
SO [LiB) di] = (A A g

pln i=1

by Lemma 2.2. In other words, the Cassels pairings on Sel,, (E(")) and Sel), (5(”))
are same under the identity Sel, (E(")) =~ Sel), (5(”)). Since both E(n) and €™
have no rational point of order 4, this theorem follows from Lemma 2.3. (]

3. THE ODD CASE WITH 2 || e3

Assume that ej, e; are odd and 2 || es. Let n be an odd positive square-free inte-
ger. Let A = (dy,da,ds) where dy, ds, ds are square-free integers dividing 2e;egesn.

3.1. Homogeneous spaces.
Lemma 3.1. If D\ (Q,) # 0, then ds is odd.

Proof. The proof is similar to | , Lemma 3.1(2)]. Since we are dealing with
homogeneous spaces, we may assume that t, uq, us, ug are 2-adic integers and at least

one of them is a 2-adic unit. Suppose that D/(X") (Q2) #0. If 2| dy,21do,2 | ds,
then uo is even by Hjz and t is even by Hs. Therefore, ug is even by H; and wuy is
even by Hs, which is impossible. The case 21 dy,2 | da,2 | ds is similar. Hence d3
is odd. ([

Since the torsion (—esgn, —ejes, exn) has 2-adic valuation (1,1,0), any element
in the pure 2-Selmer group Sel, (E(”)) has a representative A = (dy,d2,d3) with
odd d; | ejezesn.

Lemma 3.2. Let A = (dy,da,ds) where dy,ds,ds are odd. IfDXL) is locally solvable
at all places v # 2, then D/(\n) 1s also locally solvable at v = 2.

Proof. The proof is similar to [ , Lemma 3.4]. Since D/(\")(Qv) # () for all
places v # 2, each H; is locally solvable at v # 2. By the product formula of
Hilbert symbols, H; is also locally solvable at 2. In other words,

[einds, di]2 = [eandy, da]2 = [esnds, ds]z = 0.

(i) If (dy,d2,ds) = (1,1,1) mod 4, then 0 = [egnds, ds]s = [2,d3]2 and we have
d3 =1 mod 8. Therefore, dy = ds mod 8. If d; = d; = 1 mod 8, take

t=0, ulzm, ugzm, ug = 1.
If dy = ds = 5 mod 8, take
b= 9 uy = /s T dean) v, s = /@y — dern) o, us = 1.
(ii) If (dy,dg2,d3) = (—1,—1,1) mod 4, then ds = 1 mod 8 similarly. Since
[ein, —1]a = [e1nds, d1]a = 0 = [eandy, d3]es = [—ean, —1]2,

we have eyn = —ean = 1 mod 4. This implies that 4 | (e; + e2) = —es3, which is
impossible.
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(iii) If d3 = —1 mod 4, then [e3nds, d3]a = 0, egnds = d3 + 3 mod 8 and
(di —ean) — (da + e1n) = dy — da + ean = 2(dy + d2) = 0 mod 8.

If (dy,da,ds) = (1,—1,—1) mod 4, then [ean, —1]s = 0 and ean = d; mod 4. If
(d1,ds,d3) = (—1,1,—1) mod 4, then [—eyn,—1]2 = 0 and eyn = —dp mod 4. If
do +e1n =d; — ean =0 mod 8, take

t= 1, uy = \/egn/dl, U2 = / —€1n/d2, us = 0.

If do + e1n = dy — ean = 4 mod 8, take

t= 1, Up = / (4d3 —|—egn)/d17 U2 = 1/ (4d3 — 61n)/d2, ug = 2.

Hence D is locally solvable at v = 2. a

Let A = (dy,ds,ds) with odd square-free d; | e;esesn. We will use the notations
X,y,2z,d; in (2.3) and (2.4).

Theorem 3.3. Let n be an odd positive square-free integer coprime with ejeses,
whose prime factors are quadratic residues modulo each odd prime factor of ejeses.

If Selo(E/Q) = (Z/27)?, then the map (dy,dg,d3) — (;() induces an isomorphism

Sely (E™) = Ker (A FD-e; D-cacy ) ;

D_..e, A+ D,
where 0 < d; | n.

Proof. Since eq,es are odd and 2 || eg, neither (—neq, nes) nor (—nes, ney) consists
of squares. If (—nej,nes) consists of squares, then e; = —ey mod 4 and 4 | es,
which is impossible. Hence E(Q) contains no point of order 4 by Lemma 2.1.

Let A = (dy,d2,ds) with odd square-free d; | ejesesn and denote by A =
(d1,ds,ds3). Similar to the proof of Theorem 2.6, Df\n)((@v) # 0 if and only if
D%l)((@v) # () for v = co or odd v | ejeses. Hence A € Sely (E(")/Q) if and only if
A € Sely(E/Q) and DI(\") is locally solvable at each p | n by Lemmas 3.1 and 3.2.

If A € Sely (E(”) /(@)7 then A € Sel, (E/Q). By our assumptions, A is 2-torsion,
which should be (1,1,1) or (e2, —e1, —ejes). If A= (e2, —e1, —e1es), then

k k k
_ 1—x; 1—y; Zi
A - (nea, —ner, —erez) = (Hpi S e ,Hp/)
i=1 i=1 i=1

Hence each element in Sel,, (E(")) has a unique representative (di,ds, ds) with 0 <
d; | n. Based on this, we can express Sel, (E(”)) in terms of linear algebra by
Lemma 2.5 after a translation of languages. (]

Remark 3.4. Since (%) =1 for any odd primes p | n,q | e1eses, we have D, = D,

where u € {£1,£2} such that e/u = 1 mod 4 for any square-free e | ejeqes.
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3.2. The Cassels pairing. Let (a,b,c¢) be a primitive triple of integers satisfying
era® + esb?® + 6302 =0.

Then a, b, c are odd. Denote by £ = &, 42 ¢,52 and EM = 1a2m,eab?n -

Proof of Theorem 1.1. As shown in the proof of Theorem 3.3, both E(™ and E(Q)™

have no rational point of order 4. Since the matrix in Theorem 3.3 does not depend
on a, b, c, we have a canonical isomorphism
Sely (B™)) = Sel), (£™).

By choosing suitable signs, we may assume that a = b = ¢ = 1 mod 4. Let A =
(di,do,d3), N = (di,dj,dy) € Sely(EM™) with 0 < d;,d; | n. We will use the
notations D, H, 9, L,P,D,H,Q, L, P,«;, 3;,7; in the proof of Theorem 1.3.

(i) The case odd v | ejesezaben. The proof is similar to the proof of Theorem 1.3.

(ii) The case v = 2. As shown in Lemma 3.2, the case (dy,ds,ds) = (—1,—1,1) mod
4 is impossible.

(ii-a) The case (dy,d3,ds) = (1,1,1) mod 4. As shown in Lemma 3.2, if d; =
d2 =1 mod 8, take Py = (0, 1/\/71,1/\/72,1/\ﬁ) P5. Then

1(P2) = Biv/da = 1/dy = Lu(Pa),
L3(P2) = Bor/d3 — 12/dy = La(P2),
L3(P2) = Bs/di — y31/dz = Ls(P).
If d; = d2 = 5 mod 8, denote by
= V(s +dest?n)dy, V= \/(ds — dera®n)dy,
= /(d3 + 4ean)dy, V= +/(d3 — 4ein)dy

withif =V = U =V = 1mod4. Since Y?> = U? mod 32, we have U =
U mod 16. Similarly, ¥V = V mod 16. Take Py = (2,U/d1,V/d2,1), then P, =
(2, U/dl,V/dQ, 1) and

El(Pg) = 2e1anog + ﬁlv — dg’yl = Ll(P2)7
L2(P2) = 2eabnag + dzfla — U = La(P2),
ES(PQ) = 2e3cnag + ﬂ3U — ’73V = L5(P2)

modulo 8. If ay is odd, then exactly one of 81 and ~; is odd. Thus £;(Ps) is odd.
If a; is even, then both of 8; and ~; are odd. By choosing a suitable sign of 7y, we
may assume that 2 || (81 — v1). Therefore, 2 || £1(P2). Similarly, we may assume
that 2 || £L2(P2). Note that 5,v3 are odd. By choosing a suitable sign of 73, we
may assume that 2 || £L3(P2). Since £;(P2) = L;(P2) mod 8, we have

[£i(P2), di]2 = [Li(P2), d}]a.
(ii-b) The case d3 = —1 mod 4. As shown in Lemma 3.2,
emn+dy=en—dy =0mod4 and (eyn+ds)— (ean —dy) =0 mod 8.

If esn +dy = ean — dy = 0mod 8, take Py = (1,bu/dy,av/ds,0) where u? =
eandy,v? = —eyndy. Then Py = (1,u/dy,v/ds,0) and

L1(P2) = aernay + afrv = aLi(Ps),
Lo(P2) = beanag — byau = bLa(Py),
L3(P2) = —ay3v + bfsu + ceznas.

[
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Since

(—737))2 + (B3u) + (6371@3)2

= n(—dgvg + dlﬁg + egnag) =0,
€1 €9 €3

we have

£a(Pa)a(Fs) = 5+ Do+ )+ ) (2150 4 % )
by Lemma 2.8. Therefore,

[£1(P2), di]2 = [L1(P2), di]2 + [a, di]2 = [L1(P2), dy]2,

[L2(P2), ds]2 = [La(P2), do]a + [b, do)2 = [La(P2), dya,

[£3(P2), ds]2 = [Ls(P2), ds]2 + [2(a + b)(a + €) (b + ¢), dj]a = [L3(P2), d3)2

by Lemma 2.7.
If exn + ds = ean — d; = 4 mod 8, denote by
U = /(4d3b=2 + ean)d;, V =+/(4d3a=2 — e;n)dy,

U=\/(4ds +en)dy,  V=+/(ddy —ern)dz
withid =V =U =V =1 mod 4. Similar to (ii-a), we have i = U,V =V mod 16.
Take Py = (1,0l /dy,aV/ds,2), then Py = (1,U/dy,V/ds,2) and
L1(P2) = aernag + ab1V — 2dsv,
L5(P2) = beanag + 2d3 B2 — by2U,
L3(P2) = —ay3V + bPsU + ceznas

modulo 16.

If ~1 is odd, then exactly one of 7 and (; is odd. Thus £4(P2) is odd. If ~; is
even, then both of a; and (1 are odd. By choosing a suitable sign of a7, we may
assume that 4 | (aq + 81). Therefore, 2 || L1(P2). Since L£1(P3) = aL1(P2) mod 8,
we have

[£1(P2), di]2 = [L1(P2), di]2 + [a, di]2 = [L1(P2), di]2.
Similarly, we may assume that 2 || L3(P2) by choosing a suitable sign of as. Since
Lo(P2) = aLy(P2) mod 8, we have

[L2(Pa2), dyla = [La(P2), dsla + [b, db)a = [La(Pa), db)a.

Clearly, 83 and 73 are odd. By choosing a suitable sign of 73, we may assume
that 2 || L3(P2) and 2 || Ls(P,). Since
1 <(V3V)2 + (B3U)? n (63n6¥3)2)
4 el €2 €3
diB2  dovy? 1
=d3 (1&’ + 2%) + ~n(eznad + di f3 — da3)
€2 €1 4
=dz(dies + doer) = d3((62n —4)es + (4 — 6171)61)
=4d3(—e3 + €1) =0 mod 8

and 4 | (era + e2b + e3c), the odd number

L3(P2) Ls(P) _1 sV BsU | esnas\’
5T :g(aer)(aJrc)(bJrc) 7b+c+c+a+a—|—b mod 8
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is congruent to 1 modulo 4 by Lemmas 2.8 and 2.7. Therefore
[£5(P2), 3]z = [Ls(P2), ds]2.
The rest part is similar to the proof of Theorem 1.3. |

4. THE EVEN CASE

Assume that 2 || e1,2 || 2,4 | e3 and E(™ has no rational point of order 4. Write
e; = 2f;. Let n be an odd positive square-free integer. Let A = (dy,d3,d3) where
dy,ds, ds are square-free divisors of 2 f1 fo fan.

4.1. Homogeneous spaces. Recall that DE\") is defined as

Hy: 2fint® + d2u§ — d3u§ =0,
HQ : 2f2’ﬂ,t2 + d3u§ - dlu% = 0,
H3 : 2f3nt2 + dlu% — dgu% =0
and the 2-torsion points of E(™) correspond to
(1a 1) 1)7 (_2f3n7 _flfi’n 2f1n>7 <_f2f3a 2f3n7 _2f2n)a (2f2’l’L, _2flna _f1f2)~
These triples have 2-valuations (0,0,0),(0,1,1),(1,0,1),(1,1,0) (not correspond-

ingly). Hence any element in the pure 2-Selmer group Sel)(E(™) has a unique
representative A = (dy, ds, d3) with odd d; | ejezesn.

Lemma 4.1. Let A = (dy,dy, ds) where dy,dy,ds are odd. If DU (Qy) # 0, then
d3 =1 mod 4.

Proof. Since va(t) > va(ug) = va(ug) by Hy and va(t) > va(u1) = va(us) by Ha, we
may assume that ui,us, ug are 2-adic units and ¢ is a 2-adic integer. Then

2f3nt2 = dgug — dlll% = d2 — dl mod 8.
This implies that ds = dy mod 4 and then d3 = 1 mod 4. [l

Lemma 4.2. Let A = (dy,ds,d3) where dy,ds,ds are odd and ds = 1 mod 4. If

Dl(\n) 1s locally solvable at all places v # 2, then Dl(\n) is also locally solvable at
v=2.

Proof. Similar to Lemma 3.2, we have
[2f1nd3, d1]2 = [2fondy, da]o = [2f3ndz, d3]2 = 0.
If (dy,d2,ds) = (1,1,1) mod 4, then dy = ds = d3 = 1 mod 8. Take
t= O,u1 = \/dg/dl, U2 = \/dg/dg, us = 1.
If (dy,da,ds) = (—1,—1,1) mod 4, then 2finds = dy + 3 and 2fond; = do +

3 mod 8. In other words, 2fin = ds + 3d3 mod 8 and 2 fon = d3 + 3d; mod 8. Take
t =wuz =1, then

ui = (ds + 2fon)/dy = 2ds +3 =1 mod 8

and
ug = (d3 — 2fin)/da = —2d; — 1 = 1 mod 8.

Hence D is locally solvable at v = 2. a

The proof of the following lemma is similar to | , Lemma 3.3].
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Lemma 4.3. Assume that n is coprime with e1eses. If q is an odd prime factor of
e;, then D/(\n) (Qq) # 0 if and only if ¢t d; and

. (%) =1, if gt diss;

¢ (eH;ndi> =1, ifq| diy1,¢* tei;

o (25m) = (L) =1 ifaldira | e
Proof. By symmetry, we only need to consider the case ¢ = 1. Assume that
DA (Qq) # 0. Since we are dealing with homogeneous spaces, we may assume
that ¢,u1,us,us are g-adic integers and at least one of them is a g-adic unit. If
q|di,q|daqtds, then q | us by Hy and g | t by Hs. Therefore, q | u; by Hs and

q | ug by Hs, which is impossible. Similarly, the case ¢ | d1,q 1 da,q | ds is also
impossible. Hence ¢ 1 d;.

If ¢ 1 dads, then (%1) = (di]ﬂ) =1 by H;. Conversely, if (%) =1, then we
take
ug = dydz/ds,
u% = d3 — €3nt2/d1,

u% =d; + elntz/dg = d; mod ¢,

where ¢ € Z, such that d3 —egnt?/d; is a square in Z,. In fact, if e3nds is quadratic
residue modulo ¢, then we may take t = \/‘1131;’ and u; = 0; if not, then there exists
t €{0,1,...,(g—1)/2} such that d3 — egnt?/d; mod q is a nonzero square. Hence
D) (Qy) is non-empty.
If ¢ | da,q | d3 and ¢? { e1, then (%) =1 by Hs. Conversely, if (%) =1,
then we take
uj = dyds/ds,
u? = d3 — esnt?/d, = eynt®/d; mod q,
u% =dy + e1nt?/ds.
Similar to the previous case, there exists t € Z, such that d; + e1t?/ds is a square
in Z,. Hence Dj(Q,) is non-empty.
If ¢ | da,q | d3 and ¢? | ey, then (%1) = (dzqﬂ) =1 by H; and (%) =1 by

H,. Conversely, if (m) = (%) =1, then <_Q3TM1) =1 and we take

q
uj = dyds/ds,
u? =ds — €3nt2/d1 = €2nt2/d1 mod g,
u% =d; + 6171t2/d3 = d; mod q.

Hence D (Q,) is non-empty. O

Let A = (d1,ds,d3) € Sely(E™) with odd d; | eresesn and ds = 1 mod 4. We
will use the notations x,y,z in (2.3). If e > 0 and e5 < 0, or all p; = 1 mod 4,
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write

dy = pit - pit .Jl,

—1\* ~“1\* ~
(4.1) dy = pl () o () &,
D1 D1
dz = (p1)™ -+~ (pp)** - ds3

where p* = (i) p. Then dydyds € Qx2.

p

Theorem 4.4. Let n be an odd positive square-free integer coprime with ejeses,
whose prime factors are quadratic residues modulo each odd prime factor of ejeses.
Assume that

e both E and E™ have no rational point of order 4;
e 0 >0 ande3 <0, orall p;, =1mod 4;

. (%) =1 for any odd primes p | n,q | ezes.

IfSely(E/Q) = (Z/2Z)?, then the map (dy,da, d3) <)z() induces an isomorphism

Sels, (E(n)) - Ker (A +De; Docseg ) ,

D.. AY+D,
where d; | n,dy > 0,ds = 1 mod 4.

Proof. Let A = (dy,da,d3) with odd square-free d; | ejesezn and denote by A=
(dy,ds,ds). If all p; = 1 mod 4, then sgn(d;) = sgn(d;). If es > 0,e3 < 0, then
sgn(dy) = sgn(dy). Hence D[(\")(R) # () if and only if D%)(R) # () by Lemma 2.4.

One can show that n,di/(z € Q;Q where ¢ is an odd prime factor of e; by our
assumptions. Therefore, Dl(\n) (Qq) # 0 if and only if D%l)(Qq) # () by Lemma 4.3.
Hence A € Sels (E(”)/Q) if and only if A € Sely(E/Q) and D/(\") is locally solvable
at each p | n by Lemmas 4.1, 4.2 and the fact d3 = gg = 1 mod 4.

If A € Selo(E(™ /Q), then A € Sely(E/Q). By our assumptions, A = (1,1,1).
Therefore, each element in Sels, (E(")) has a unique representative (dy, da, d3) with
d; | n,dy > 0,ds = 1 mod 4. Based on this, we can express Sel, (E(”)) in terms of
linear algebra by Lemma 2.5 after a translation of languages. One needs the fact

that

([p;‘,—n]pj)m =AT+D_,. O

If e3 > 0 and ey < 0, write

e ()
dy =pi" - pi - da,
ds = (p})™ -+ (p)™ - ds.

Then 5152673 € Q2. Similar to Theorem 4.4, we have:

Theorem 4.5. Let n be an odd positive square-free integer coprime with ejeses,
whose prime factors are quadratic residues modulo each odd prime factor of ejeses.
Assume that



16 SHENXING ZHANG

e both E and E™ have no rational point of order 4;
e e3>0 ande; <0

. (%) =1 for any odd primes p | n,q | e1es.

IfSela(E/Q) = (Z/27)?, then the map (d1,da, d3) <}Zl> induces an isomorphism

Sels, (E(n)) 5 Ker (A +D-, D-cic. > )

D_.., AT + D_.
where d; | n,dy > 0,ds = 1 mod 4.

4.2. The Cassels pairing. Let (a, b, ¢) be a primitive triple of odd integers satis-

fying

era® + esb?® + 6302 =0.
Denote by £ = &, 42 ¢,02 and EM) = Seran,esb?n-
Proof of Theorem 1.2. Similar to the proof of Theorem 1.3, both E(™ and £(Q)™
have no rational point of order 4. By choosing suitable signs, we may assume that
a=b=c=1mod4.

Assume that e; > 0 and e3 < 0, or all prime factors of n are congruent to 1
modulo 4. Since the matrix in Theorem 4.4 does not depend on a, b, ¢, we have a
canonical isomorphism

Sely (E™) = Sely (£™).
Let A = (dy,da,ds), N = (di,db,dy) € Sely(EM™)) with dy, d} | n,dy,dy > 0,d3 =
d5 =1mod 4. If dy < 0 and d), < 0, we replace A’ by A+ A’. If dy > 0 and d}, < 0,
we switch A and A’. Since
<Aa A/> = <A7 A+ A/> - <A/a A>7

these operations do not change (A, A’). Hence we may assume that d;, > 0 and

d5 > 0. When ez > 0 and e; < 0, we may assume that d} > 0 and d > 0 similarly.
We will denote by D, H, Q, L, P the corresponding symbols for £ and D, H,Q, L, P

the corresponding symbols for E in the calculation of Cassels pairing. Recall that

D/(\n) is defined as
Hi: 2fia®nt? + daud — dgug =0,
Ho: 2f2b°nt? + dsul — dyu? =0,
Hz: 2fsc?nt? + dyu? — dou3 = 0.
Let (a4, Bi,7vi) be primitive triples of integers satisfying
2finaf + dyff — dzyi =0,
2fanad +d3f3 — diy; =0,
2f3na3 + di 83 — day; = 0.
Choose
Q1 = (a1, af1,am) € Hi(Q), L1 =2franait + dafruz — dzy1us,
Q2 = (a2, bB2,b72) € Ha(Q), L2 = 2fobnast + d3fauz — diy2ur,
Q3 = (a3, ¢B3,073) € H3(Q), L3 = 2fscnast + difzur — dayzus.

(i) The case odd v = ¢ | ejesegabe. Since (g) = 1 for any prime factor p of n,

dilq = 0= [Li(Py), dilq-

) g »

d; > 0 is a square modulo ¢q. Therefore, [L;(Py)
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ii) The case v = p | n. The proof is similar to the proof of Theorem 1.3.
iii) The case v = 2. Note that ds = 1 mod 4.
iii-a) The case (d1,d2,ds) = (1,1,1) mod 4. As shown in Lemma 4.2, we have
dy = dy = d3 =1 mod 8, take Py = (0,1/y/d1,1/v/da,1/+/d3) = P,. Then
L1(P2) = p1v/da — 11V ds = L1(P2),
Lo(P2) = Por/ds — 721/ di = La(P2),
L3(P2) = Bsv/di — v3/d2 = L3(P2).
(iii-b) The case (d1,dz2,d3) = (—1,—1,1) mod 4. As shown in Lemma 4.2, we
have (d3 + 2f2b°n)d; = (d3 — 2f1a?n)ds = 1 mod 8. Denote by
U= \/ (dg + QbeQTL)dl, V= \ (d3 - 2f1a2n)d2,
U=+ (dg + 2f2n)d1, V= (d3 — 2f1n)d2

withif =V =U =V = 1 mod 4. Since 4% = U? mod 16, we have U = U mod 8.
Similarly, V = V mod 8.

Take 7)2 = (I,U/dl,V/dQ, ].)7 then P2 = (].,U/dl,V/dQ,].) Note that all ﬁl,’}/z
are odd. By choosing suitable signs of 7;, we may assume that 2 || £;(P2). Since

L1(P2) = 2frana; + 1V — dsy = Li(Pa),
L2(P2) = 2fabnag + d3fla — 72U = La(P2),
L3(P2) = 2fscnaz + f3U — 3V = L3 (P)

modulo 8, we have

A~~~

[Li(P2), di]2 = [Li(P2), di]a.
The rest part is similar to the proof of Theorem 1.3. (]
5. CONGRUENT NUMBER ELLIPTIC CURVES

Assume that n = p; - - - pr = 1 mod 4. Denote by

2571CLQ(v/—n))

has(n) = dimyp,

25C1(Q(v=n))
the 2°-rank of the class group of Q(v/—n). By Gauss genus theory and Rédei’s work
in [R34], we can characterize ha(n) and hy(n). See | , § 3] for more details.

Proposition 5.1. We have ha(n) =k and hy(n) = k — rank(A, Ds1).

Denote by
E=&,:y=2(x—1)(z+1)
the congruent number elliptic curve and E™ = &, ,,. Let (a,b,c) be a primitive

triple of positive integers satisfying a? + b?> = 2¢2. Then a, b, c are odd. Denote by
E=Ep2 2, EM = 2y o

Theorem 5.2 (| , Theorem 4.4]). Let n = 1 mod 8 be a positive square-free
integer coprime with abc, where each prime factor of n is a quadratic residue modulo
every odd prime factor of abc. Assume that

e p=1mod4 for all primes p | n;

o Selo(£/Q) = (Z/27)3.

Then the following are equivalent:
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(1) rankz E™(Q) = 0 and II(£™ /Q) = (Z/2Z)?;

(2) ha(n) =1 and hs(n) = 4L mod 2.
Here d # 1,n is a positive factor of n such that (d,—n), = 1,Yv, or (2d,—n), =
1, Vo.
Proof. Since Sely(E/Q) = (Z/2Z)?%, this result follows from Theorem 1.1 and
[ , Theorem 1.1] directly. O

Theorem 5.3. Let n =1 mod 8 be a positive square-free integer coprime with abc,
where each prime factor of n is a quadratic residue modulo every prime factor of
abc. Assume that
e cither n or a or b has no prime factor = 3 mod 4;
e p==+1mod 8 for all primes p | n;
o Selr(E@/Q) = (z/2Z)2.
Then the following are equivalent:
(1) rankz E@M(Q) =0 and II(E™ /Q)[2°°] = (Z/2Z)?;
(2) hg(n) =1 and d =9 mod 16.
Here, d is the unique divisor of n such that d #1,d =1 mod 4 and (d,n), = 1,Vv.

Proof. For any prime q | ¢, we have a®> = —b?> mod q. Therefore ¢ = 1 mod 4 and

(%) = (%) = 1. If n or b has no prime factor = 3 mod 4, then (%) = (%) =1
for all primes p | n,q | b. We apply Theorem 4.4 to (e, ez, e3) = (2a2,2b%, —4c?),

the map (dy,ds,ds) — )z( induces an isomorphism

~ A+D D A
/ (n) _ 2 2 _
Se12(€ ) —> KerM where M = ( D, AT D2) = <D_1 !T)

and d; | n,d; > 0,d3 = 1 mod 4.
One can show that

0 1 ) T
KerMQ{(d),<d+1>.d€KerA }

Since A1l = 0, we have rank AT = rank A < k — 1 and then Ker M has at least
four vectors. Hence
dimp, Sely (€M) =2 <= rank A =k —1 <= hy(n) =1

by Proposition 5.1.

Assume that hy(n) = 1. Note that (p;, —n),, = (p},n)p,. Therefore, ATd =0
if and only if (d,n), = 1 for all p | n, where d = (p})** -+ (p})**, d = (s1,...,5%) .
Hence Sel,, (5(”)) is generated by A = (n,1,n) and A’ = (1,d, d).

By Theorem 1.2, we may assume that a = b = ¢ = 1. Recall that Dg\") is defined

as
Hy: 2nt? +u3 —nui =0,
Hs : 2t2+u§fu% =0,
Hy: —4nt®> + nu? —u3 = 0.
Choose
Q2 =1(0,1,1) € Hy(Q), Lo = uy — us,

Q3 = (1707 _2) € H3(Q)7 L3 =2t + uy.
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By Lemma 2.2, we have

(MA)poy = > [LaLs(Py),d],
v|2noco
for any P, € D\(Q,).
For v | noo, take P, = (1,2,0, —/2), then LyL3(P,) = 4(2++/2) and (A, A’),
[24-V/2,d],. For v = 2, take P, = (0,1,+/n, —1). Then LoL3(P;) = 2 and (A, \')y =

[2,d]2 = 0. Hence (A, A ) g = [QTd\I/i} = %=1 mod 2 by Lemma 5.4. Conclude the

results by Lemma 2.3.

If a has no prime factor = 3 mod 4, then (%) = (%
p|n,q| a. We apply Theorem 4.5 to (eq, ez, e3) = (—2b%, —2a?,4c?). Then we can
prove the result similarly. O

= 1 for all primes

Lemma 5.4. Let m = 1 mod 8 be a square-free integer with prime factors congruent
to £1 modulo 8. Then m = 1 mod 16 if and only if <2+‘/§) =1.

Im]

Proof. Write m = u? — 2w? = 1 mod 8. Denote by pt = u+ w and A\ = u + 2w.
Then m = 242 — A? and u, i, A are odd. Let w’ be the positive odd part of w. Then

(i) = (5) = () =
() = (1) - (5) - (%)

and A\ = u + 2w = (2 £ v/2)w mod m. Hence

Sl]lce m + A — 2[“ = 2 Hl()d 1(;, we ha\/e

m=1mod16 <= A=+1mod8 <« <|i>_1 — <2|+‘|ﬁ)_1. 0
m
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